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Abstract
In this paper we use certain results on the divisibility of Gauss sums, mainly Stickelberger’s theorem,
to study monomial bent functions. This approach turns out to be especially nice in the Kasami, Gold and
Dillon case. As one of our main results we give an alternative proof of bentness in the case of the Kasami
exponent. Using the techniques developed here, this proof turns out to be very short and generalizes the
previous results by Dillon and Dobbertin to the case where n is divisible by 3. Furthermore, our approach
can also be used to deduce properties of the dual function. More precisely, we show that the dual of the
Kasami function is not a monomial Boolean function.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Bent functions, being exceptional combinatorial objects, play an important role in different
areas in coding theory as well as in cryptography. Although many concrete constructions of
bent functions are known, the general structure of bent functions is still unclear. In particular a
complete classification of bent functions seems hopeless today and it can therefore be useful to
focus on special families. One special family is the class of monomial bent functions, i.e., of
Boolean function represented as
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All known bent exponents up to n = 24. Note that the conditions on α are given up to the equivalence induced by
replacing α by αλd for λ ∈ F∗2n
Type Exponent d Conditions Proven in
Gold 2r + 1 gcd(d,2n − 1) = 1, α /∈ Ld ?
Dillon 2k − 1 K(α) = −1 [4]
Kasami 22r − 2r + 1 gcd(r, n) = 1, α /∈ Ld [5]
(for gcd(n,3) = 1)
MF 1 (2r + 1)2 n = 4r , r odd, α ∈ ωF2r [3,12]
where ω ∈ F4 \ F2
MF 2 22r + 2r + 1 n = 6r , α ∈ F23r with tr3rr (α) = 0 [1]
F2n → F2
x → tr(αxd)
for an exponent d and a fixed coefficient α ∈ F2n . The class of monomial bent functions is in
particular interesting for mainly two reasons: The first known non-normal bent functions are
monomial bent functions, demonstrating that the study of these functions leads to new classes
of bent functions. Furthermore, it turns out that for each of the well studied families of bent
function, there is a monomial bent function belonging to these classes.
1.1. Known bent exponents
There are only a few exponents d known that allow the construction of bent functions (see
Table 1). The Gold case belongs to the class of quadratic bent functions and there are several
easy ways to compute the Walsh spectra of these functions. The Dillon exponent was consid-
ered first by Dillon in his PhD thesis [4] as an example of a bent function in the PS-class. The
Kasami exponent is particularly interesting as this exponent leads to non-normal bent functions
and therefore in particular to bent functions not linear equivalent to Maiorana McFarland or PS
bent functions (see [2]). Despite the similarities to the Gold exponent the proof given by Dillon
and Dobbertin in [5] is rather involved. The MF exponents where first conjectured by Canteaut
based on numerical results. It turned out that the corresponding bent functions belong to the class
of Maiorana McFarland bent functions (see [1,3,12]).
In this paper we are going to concentrate on the Dillon case first to illustrate the basic ideas of
our new approach. This case turns out to be especially nice with respect to the approach presented
here. In the following sections the notion of the Jd - and Kd -set is introduced, which turn out to
be powerful tools to study in particular the Gold and the Kasami case. Most notably, we are able
to give a very short proof for the Kasami exponent that includes the case where n is not coprime
to 3. In the last section we show that the dual of the Kasami bent functions are not monomial
bent functions.
The paper splits actually in two quite different parts. In the first part the tools used in the
second part are developed. While the results in the first part are based on a dyadic approximations
of Gauss sums and involve non-trivial results like Stickelberger’s theorem, the tools described in
Section 3 themselves are purely combinatoric and can be applied without any background in
number theory.
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Let n be an even integer, n = 2k. Let L be a finite extension of degree n of F2 and let μL be
the canonical additive character of L defined by
μL(x) = (−1)trL(x)
where trL is the absolute trace of L. Since we are interested in dyadic approximations, we will
consider multiplicative characters taking their values in an algebraic extension of Q2, the field of
dyadic rational numbers. Let ξ be an element of order 2n − 1 in the algebraic closure of Q2. The
algebraic extension Q2(ξ)/Q2 is unramified of degree n, and, all along the paper, we identify L
with the residual field of Q2(ξ) that is Z2[ξ ]/(2). The group of multiplicative characters of L,
denoted by L̂×, is a cyclic group of order 2n − 1. It is generated by the Teichmüller character ω
defined by
ω
(
ξj mod 2
)= ξj .
Note that the above relation is equivalent to
∀a ∈ L×, ω(a) mod 2 = a. (1)
The Gauss sum associated to χ ∈ L̂× is
τL(χ) = −
∑
x∈L×
χ(x)μL(x).
The reader who is not familiar with the above definitions will find the basic material (characters
and Gauss sums) in the book of Lidl and Niederreiter [13], and in the course of Koblitz [10] for
the p-adic approach.
A binary function f from L into {−1,+1} is bent if and only if the absolute values of all its
Fourier coefficients
fˆ (a) =
∑
x∈L
f (x)μL(ax), a ∈ L,
are equal to 2k . For such a function there exists a dual Boolean function f ∗ such that fˆ (a) =
(−1)f ∗(a)2k . The dual of f is again bent.
Lemma 1. A binary function is bent if and only if ∀a ∈ L×, fˆ (a) ≡ 2k (mod 2k+1). In that case,
the dual of f can be determined by approximations modulo 2k+2:
fˆ (a) ≡ 2k + 2k+1f ∗(a) (mod 2k+2). (2)
Proof. By Fourier inversion,
∑
a∈L fˆ (a) = 2nf (0) thus fˆ (0) has also a dyadic valuation equal
to k. For all a ∈ L, let u(a) be the odd integer such that fˆ (a) = u(a)2k . Parseval identity states
that
22n =
∑
fˆ (a)2 = 2n
∑
u(a)2.
a∈L a∈L
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f ∗(a)2k+1 (mod 2k+2). 
This is the very simple idea that we want to apply to the binary function x → μL(αxd) where
α is a non-zero element of L and d a positive integer, 1 d < 2n − 1.
We will consider bent functions as functions defined over L× instead of L. For this point of
view, it is natural to decompose the function in the basis of multiplicative characters of L. Rightly,
the Gauss sums τL(χ) are nothing but the components of −μL in the basis of multiplicative
characters. In other words, applying Fourier transform inversion, we get
μL(x) = 11 − 2n
∑
χ∈L̂×
τL(χ)χ¯(x), (3)
where χ¯ denotes the inverse of the character χ . In particular, for any α ∈ L×,
μL
(
αxd
)= 1
1 − 2n
∑
χ∈L̂×
τL(χ)χ¯
d(x)χ¯(α). (4)
Multiplying (3) by (4), we obtain the Fourier coefficient at a ∈ L× of the monomial binary
function f (x) = μL(αxd),
fˆ (a) =
∑
x∈L
μL
(
αxd + ax)= 1 + ∑
x∈L×
μL
(
αxd
)
μL(ax)
= 1 + 1
(2n − 1)2
∑
x∈L×
∑
χ1
∑
χ2
τL(χ1)χ¯1
(
αxd
)
τL(χ2)χ¯2(ax)
= 1 + 1
(2n − 1)2
∑
χ1
∑
χ2
τL(χ1)τL(χ2)χ¯1(α)χ¯2(a)
∑
x∈L×
χ¯d1 (x)χ¯2(x).
Finally we obtain the starting-point formulas
fˆ (a) = 1 + 1
(2n − 1)
∑
χ∈L̂×
τL(χ)τL
(
χ¯d
)
χ¯ (α)χ
(
ad
)
= 2
n
2n − 1 +
1
2n − 1
∑
χ =1
τL(χ)τL
(
χ¯d
)
χ¯ (α)χ
(
ad
)
≡ −
∑
χ =1
τL(χ)τL
(
χ¯d
)
χ¯(α)χ
(
ad
) (
mod 2n
)
. (5)
A well-known result of Stickelberger [15] claims that for all integer 0  j < 2n − 1, the
following congruence holds:
τL
(
ω¯j
)≡ 2wt(j) (mod 21+wt(j)),
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r 0 0 0 . . . 0 0 . . . 0 rk−1 . . . ri+1 1 0 . . . 0
−r 0 1 1 . . . 1 1 . . . 1 r¯k−1 . . . r¯i+1 0 1 . . . 1
2kr 0 rk−1 . . . ri+1 1 0 . . . 0 0 0 . . . 0 0 . . . 0
dr 1 rk−1 . . . ri+1 0 1 . . . 1 r¯k−1 . . . r¯i+1 0 1 . . . 1
0 rk−1 . . . ri+1 0 1 . . . 1 r¯k−1 . . . r¯i+1 1 0 . . . 0
Fig. 1. The binary expansions of the residues r , −r , 2kr are presented on the first rows. The integer (2k − 1)r = dr is
obtained on line 4 adding the lines 2 and 3, the “carry” at position i + k, propagates up to position m. The residue dr is
obtained on the fifth row by reduction modulo 2n − 1 of the fourth row.
where wt(j) is the binary weight of the residue of j modulo 2n − 1. Using the Teichmüller
character in formula (5), we obtain
fˆ (a) ≡ −
2n−2∑
j=1
τL
(
ω¯j
)
τL
(
ωdj
)
ωj (α)ω¯j
(
ad
) (
mod 2n
)
. (6)
By Stickelberger’s theorem, the dyadic valuation of τL(ω¯j )τL(ωdj ) is equal to Vd(j) :=
wt(j) + wt(−jd) where the operations over indices must be done in the set of positive residues
modulo 2n − 1. In the next section, we will give a dyadic estimation of the Fourier coefficients
of the monomial tr(αxd) by means of the fundamental mapping
Vd : Z/
(
2n − 1)Z → {0,1, . . . ,2n}
j → wt(j) + wt(−jd).
Before doing so, we are ready to rediscover a result of Dillon as an illustration of the dyadic
method. It concerns the exponent of the form d = 2k − 1, where k = n/2 (Dillon exponent).
Lemma 2. Let d = 2k − 1. For all residue j , 0 < j < 2n − 1, we have wt(j) + wt(−j) = n.
Moreover, if j is not a multiple of 2k + 1 then wt(−jd) = k.
Proof. Let us denote by b¯ the complement of a bit b ∈ {0,1}, i.e., b¯ = 1 − b. If the binary
expansion of j > 0 is (jn−1 . . . j1 j0) those of −j is equal to (j¯n−1 . . . j¯1 j¯0) and the first point
follows.
Let r be the remainder of the Euclidean division of j by 2k + 1. Since jd ≡ rd (mod 2n − 1)
it suffices to prove wt(−rd) = k for all positive integer r less than 2k + 1. For r = 2k , there is
nothing to do, so we may assume 0 < r < 2k . We have to prove wt(rd) = k. Let us denote by
b¯ the complement of a bit b ∈ {0,1}, i.e., b¯ = 1 − b. Let i the position of the first non-zero bit
of r . The binary expansion of (2k − 1)r is given by the addition of −r and 2kr as illustrated in
Fig. 1. 
By the above lemma, if j is not a multiple of 2k + 1 then Vd(j) > k. In this case (5) becomes
fˆ (a) ≡ 1 −
∑
d
τL(χ)χ¯(α)
(
mod 2k+1
)
.χ =1
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L/K [13, p. 197], where K denotes the subfield of index 2 of L. For all such χ ∈ L̂×, there
exists λ ∈ K̂× such that χ = λ ◦ NL/K . Using Davenport–Hasse theorem (reference above):
fˆ (a) ≡ 1 −
∑
λ∈K̂×
τL(λ ◦ NL/K)λ¯ ◦ NL/K(α)
(
mod 2k+1
)
≡ 1 −
∑
λ∈K̂×
(
τK(λ)
)2
λ¯
(
NL/K(α)
) (
mod 2k+1
)
and by Fourier analysis, see e.g. the introduction of [9],
fˆ (a) ≡ 1 − (2k − 1)KloosK(NL/K(α)) (mod 2k+1),
where KloosK(b) is the Kloosterman sum
∑
x∈K× μK(x−1 + bx). Thus, the monomial func-
tion is bent if and only if 1 + KloosK(NL/K(α)) ≡ 0 (mod 2k+1). On an other hand, we
know that the modulus of a Kloosterman sum is less than or equal to 2
√
2k and this implies
KloosK(NL/K(α)) = −1.
Theorem 3 (Dillon). Let n be an even integer and let d = 2n/2 − 1. The function
f : F2n → F2
with
f (x) = tr(αxd)
is bent if and only if KloosK(NL/K(α)) = −1. In that case, the dual of f equals f ∗(x) =
tr(α2
k
xd).
Proof. Using Lemma 2 and the above calculation, we know that the function is bent if and only
if the Kloosterman sum is equal to −1. By Lemma 2
fˆ (a) ≡ 1 −
∑
χd=1
τL(χ)χ¯(α) + 2k+1
∑
wt(j)=1
ωj (α)ω¯j
(
ad
) (
mod 2k+2
)
≡ 2k + 2k+1
∑
wt(j)=1
ωj (α)ω¯j
(
ad
) (
mod 2k+2
)
.
By Lemma 1, the property of the Teichmüller character (1) and thanks to the relation above the
dual is
f ∗(a) ≡
∑
wt(j)=1
ωj (α)ω¯j
(
ad
)≡ tr(αa−d) (mod 2).
Applying the Frobenius automorphism, we obtain tr(αx−d) = tr(α2k xd). 
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KloosK(NL/K(α)) = −1. In particular for any even n there exists an element α such that the
function tr(αx2n/2−1) is bent.
3. Jd–Kd -sets
From Stickelberger theorem and relation (5), the monomial tr(xd) defines a bent function if
and only if ∑
Vd(j)k
j>0
τL
(
ω¯j
)
τL
(
ωjd
)
ωj (α)ω¯jd(a) ≡ 2k (mod 2k+1). (7)
For the Dillon exponent, the characters implied in the sum (7) form the group of lifted characters
from K to L and that is the reason why we (easily) succeeded in solving Dillon case. In general, it
will be difficult to determine the j ’s such that Vd(j) k, moreover the determination of the dual
of a monomial bent function would require more precise approximations like the Gross–Koblitz
formula [10,14].
However, in the case where the exponent d satisfies the strong conditions
min
0<j<2n−1Vd(j) = k, and Vd(j) = k ⇒ jd = 0, (8)
we can reduce the study of the monomial tr(αxd) to the determination of two subsets of
{1,2, . . . ,2n − 2} respectively defined by
Jd =
{
j
∣∣ Vd(j) = k}, Kd = {j ∣∣ Vd(j) = k + 1}.
Under the condition (8), Eqs. (5) and (6) become:
fˆ (a) ≡ −
∑
χ =1
τL(χ)τL
(
χ¯d
)
χ¯(α)χ
(
ad
) (
mod 2k+2
)
≡ −
∑
j∈Jd
τL
(
ω¯j
)
ωj (α) +
∑
j∈Kd
τL
(
ω¯j
)
τL
(
ωjd
)
ωj (α)ω¯jd(a)
(
mod 2k+2
)
.
The following theorem summarizes the result.
Theorem 4. Let d be an integer satisfying the conditions (8). The binary function μL(αxd) is
bent if and only if ∑j∈Jd αj = 1 and, in that case, the dual of f is given by
f ∗(a) =  +
∑
j∈Kd
αj a−jd ,
where  ∈ F2 is a constant.
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∑
j∈Jd τL(ω¯
j )ωj (α) is constant. That
implies
∑
j∈Jd ω
j (α) ≡ 1 (mod 21) or by definition of the Teichmüller character ∑j∈Jd αj = 1
whence there exists  ∈ {0,1} such that ∑j∈Jd τ (ω¯j )ωj (α) ≡ 2k + 2k+1 (mod 2k+2). Apply-
ing (2), we get:
f ∗(a)2k+1 ≡ 2k+1 +
∑
j∈Kd
τL
(
ω¯j
)
τL
(
ωjd
)
ωj (α)ω¯jd(a)
(
mod 2k+2
)
.
Collecting the terms of valuation k + 1, we obtain
f ∗(a) ≡  +
∑
j∈Kd
ωj (α)ω¯jd(a) (mod 2),
which, again by the definition of the Teichmüller character, proves the statement. 
Thus on one hand, to determine the set Jd is equivalent to find the set of α ∈ L such that
tr(αxd) gives a bent function. On the other hand, to determine the polynomial expression for the
dual is equivalent to find the Kd . This theorem will be the key tool for our approach to prove the
bent property in the Gold and the Kasami cases.
4. Gold
The Gold exponent is of the form 2r + 1, sometimes with certain conditions on r . As the
corresponding power function has degree two only, this exponent is usually the easiest to deal
with. The following theorem describes also the dual of the bent function (see [12]).
Theorem 5. Let α ∈ F2n , r ∈ N and d = 2r + 1. The function
f :L → F2
with
f (x) = tr(αxd),
is bent if and only if
α /∈ {xd ∣∣ x ∈ F2n}.
The dual of f is given by
f ∗(a) = f (H−1(a2r ))+ f ∗(0),
where
H(a) = α2r a22r + αa.
Thus, for an exponent of the Gold-type there exists an α ∈ L such that the corresponding
Boolean function is bent if and only if x → xd is not a bijection.
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The computation of the Jd -set is particular easy in the Gold case. The minimal value of Vd(j)
for the Gold exponent was determined in [8] to be n/2 = k. Thus, computing the Jd -set means
to determine the elements 1 j  2n − 2 such that
wt(j) + wt(−(2r + 1)j)= k,
and particularly we see that
wt(j) k.
Assuming (2r + 1)j ≡ 0 (mod 2n − 1) then j ∈ Jd iff
wt(j) − wt((2r + 1)j)= −k.
Furthermore, as
wt
((
2r + 1)j) 2 wt(j)
it follows that wt(j) = k, a contradiction, as this implies
wt
(−(2r + 1)j)= 0
and thus (2r + 1)j ≡ 0 (mod 2n − 1).
On the other hand, if (2r + 1)j ≡ 0 (mod 2n − 1) it follows that
j<<r + j = 2n − 1
where j<<r = ∑2iji−r is the cyclic shift of j by r positions. In particular at each position
i ∈ {0, . . . , n − 1} exactly one of the values ji and ji−r equals one. Thus
wt
(
j<<r + j)= 2 wt(j) = wt(2n − 1)= n
and we conclude that (
2r + 1)j ≡ 0 (mod 2n − 1) ⇒ Vd(j) = k
and furthermore
Jd =
{
i
(
2n − 1
g
) ∣∣∣ i = 1, . . . , g − 1},
where g = gcd(d,2n − 1).
As a corollary we get that f is bent iff and only if
∑
αj =
g−1∑
αi(2
n−1)/g = 1,
j∈Jd i=1
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α /∈ Ld = Lg.
4.2. Kd -set
In order to determine the dual of the bent functions in the Gold case, we have to compute the
Kd -set. Using the same arguments as before, we see that the elements in Kd have all the same
weight,
∀j ∈Kd, wt(j) = k − 1 and
wt
((
2r + 1)j)= 2 wt(j).
Remark 6. Note that this in particular implies
wt
(−(2r + 1)j)= n − wt((2r + 1)j)= 2,
and thus the well-known fact, that the dual of the (quadratic) Gold bent function is again
quadratic.
We are going to treat the case r = 1 only, the case r = 1 is similar. To this end we are go-
ing to apply the “add-with-carry”-approach, as explained in [8]. We denote by s the product
jd (mod 2n − 1) and its binary expansion as s =∑ si2i . The idea in [8] is to use a modular
version of an “add-with-carry algorithm” for the computation of s by expressing the values si
by some bits of j and some carry values ci . Note that, in contrast to the usual “add-with-carry
algorithm,” for the modular version the carry values are in general not in {0,1}.
The corresponding equation for the Gold case is
2ci + si = ji−1 + ji + ci−1, (9)
where ci, si , ji ∈ {0,1} for all i. For the elements in the Kd -set using wt((2r + 1)j) = 2 wt(j),
we see that all “carrys” ci are zero. Considering (9), obviously at most one of the positions ji
and ji−1 can be non-zero. In particular we get the implication
ji = 1 ⇒ ji+1 = 0.
It follows that in the binary expansion of j we have pairs (ji, ji+1) = (1,0) for exactly k − 1
indices i and two additional zeros on the remaining positions. Without loss of generality we
assume that the binary expansion of j starts with one of these additional zeros. Due to cyclotomic
equivalence we can furthermore assume that the second additional zero is at a position t  k.
Thus j is of the following form:
j = (0,0, (1,0), (1,0), (1,0), . . . , (1,0)),
j = (0, (1,0),0, (1,0), (1,0), . . . , (1,0)),
j = (0, (1,0), (1,0),0, (1,0), . . . , (1,0)),
...
...
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[Kd ] =
{
(t−3)/2∑
i=0
22i+1 +
k−1∑
i=(t+1)/2
22i
∣∣∣ t  k and odd}
is the set Kd reduced by cyclotomic equivalence. Its size depends on the parity of k.
In the even case [Kd ] contains k/2 elements and each of these elements has 2k different cy-
clotomic equivalent elements. When k is odd than [Kd ] contains (k − 1)/2 elements which have
2k different cyclotomic equivalent elements and one element with only k different equivalent
elements (corresponding to the additional zero at position t = k). According to this we have
#[Kd ] =
{
k/2, k even,
(k + 1)/2, k odd.
For the size of the complete Kd -set in any case
#Kd = k2.
In particular we can deduce a polynomial representation of the dual of f .
f ∗(x) =
∑
j∈Kd
αj x(2
r+1)j .
If k is even this can be expressed as
f ∗(x) = tr
( ∑
j∈[Kd ]
αjx(2
r+1)j
)
.
If k is odd then there exists exactly one j0 ∈Kd such that 2kj0 = j0 and in this case the dual can
be expressed as
f ∗(x) = tr
( ∑
j∈[Kd ]\{j0}
αjx(2
r+1)j
)
+
k−1∑
i=0
(
αj0x(2
r+1)j0)2i .
5. Kasami
The following theorem was conjectured by Hollmann and Xiang in 1999 [7, Conjecture 4.4]
and was proven by Dillon and Dobbertin in [5].
Theorem 7. Let n be an even integer with gcd(3, n) = 1. Furthermore let d = 22r − 2r + 1 with
gcd(r, n) = 1 and α ∈ F2n . The function
f :F2n → F2
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f (x) = tr(αxd)
is bent if and only if α /∈ {x3 | x ∈ F2n}.
The proof of this theorem given by Dillon and Dobbertin is based on quadratic forms and
is rather involved. Note that there is also an alternative proof using the multivariate method
proposed by Dobbertin [6].
5.1. A new proof for the Kasami bent functions
We give an alternative proof of Theorem 7 using the techniques developed above. Our ap-
proach also includes the case where n is divisible by 3. We anticipate that this extension is also
possible carefully studying the ideas in [5]. However the technique relies heavily on the fact that,
in the case where gcd(n,3) = 1, the coefficient α can be taken without loss of generality from F4,
which generally is false.
The minimal value of Vd(j) for the Kasami exponent was already determined in [8] to be k.
By extending the ideas from [8], we will be able to compute the Jd -set. Once knowing the
Jd -set the statement follows immediately. As explained in [8] the equation for the “add and
carry”-approach in the Kasami case is
2ci + si = ji−2r − ji−r + ji + ci−1. (10)
Adding this equation to the same equation shifted by r we get
2(ci + ci−r ) + si + si−r = ji−3r + ji + (ci−1 + ci−r−1). (11)
In particular it follows [8, Lemma 5] that
ci + ci−r ∈ {−1,0,1}.
In the case of the Kasami exponent the “weight” of the carry values is directly connected to the
value Vd(j), namely ∑
ci =
∑
ji −
∑
si = wt(j) − wt(jd).
For the moment we will assume that there exists an i such that si = 0 for an element in the
Jd -set. It then follows that
n +
∑
ci = wt(j) + n − wt(s) = Vd(j) = n2
and thus
∑
ci = −n/2. Taking into account that ci + ci−r ∈ {0,±1} for all i, it follows that
ci ∈ {0,−1} for all i in this case and furthermore
(ci, ci−r ) ∈
{
(0,−1), (−1,0)}.
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namely
(−1,0,−1,0, . . . ,−1,0)
and
(0,−1,0,−1, . . . ,0,−1).
As r−1 mod n is odd, reordering the sequences we conclude that for the sequence (c0, c1,
. . . , ci−1) we obtain exactly the same two possible values. In particular we have the following
implication:
ci = −1 ⇒ ci−1 = ci−r = ci−1−2r = 0 and ci−2r = ci−r−1 = −1.
Given an index i such that ci = −1 using Eq. (10) we conclude that
ji−2r = ji = 0, ji−r = 1 and si = 1.
Considering (11) we see that si−r = ji−3r and furthermore shifting Eq. (10) by −2r , we get
2ci−2r + si−2r = ji−4r − ji−3r + ji−2r + ci−1−2r .
Now again ci−2r = −1 and ci−1−2r = 0. Thus ji−3r = 1 and so si−r = 1 as well. Finally si = 1
for all possible indices i. But this means nothing else, then
s = jd ≡ 0 (mod 2n − 1).
On the other hand, it is easy to verify that if jd ≡ 0 (mod 2n − 1) than Vd(j) = n/2.
Putting things together we have proven that
j ∈ Jd ⇔ jd ≡ 0
(
mod 2n − 1).
In other words, as gcd(d,2n − 1) = 3,
Jd =
{
2n − 1
3
,
2(2n − 1)
3
}
.
Using Theorem 4 we see that
f (x) = tr(αxd)
is bent if and only if
α
2n−1
3 + (α 2n−13 )2 + 1 = 0,
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α
2n−1
3 = 1,
i.e., α is not a 3rd power.
5.2. Kd -set
Very little is known about the dual of the bent functions with the Kasami exponent. The main
result of this section is, that the dual of the Kasami is not a monomial bent function. This again
shows how useful the framework developed here is. In some sense it allows us to compute each
term in the trace expansion of the dual function separately.
The following lemma essentially provides all the necessary ingredients for our result.
Lemma 8. Let n be an even integer n = 2k and 1 < r  k be an odd integer. Furthermore let
d = 22r − 2r + 1 then for
j0 := 2
n − 1
3
+ (2r + 1)
the following properties hold:
(1) wt(j0) = k + 1;
(2) wt(j0 + 2n−13 ) = k + 1;
(3) wt(j0 + 2 2n−13 ) = 2;
(4) wt(j0d) = 2.
Proof. To prove the first property we rewrite j0 as
j0 =
(
2n − 1
3
)
+ (2r + 1)≡ ( k−1∑
i=0
4i
)
+ 2r + 1 (mod 2n − 1).
The first term consist of all k “even bits,” 2r consists of one odd bit (not the first one) and finally
1 consists of one “even bit.” Thus the weight of j0 is k + 1. The second property follows using
similar arguments.
For the third claim we note that
j0 + 22
n − 1
3
≡ j0 − 2
n − 1
3
≡ 2r + 1 (mod 2n − 1).
The fourth property follows easily as
j0d ≡
(
2n − 1
3
)
d + (2r + 1)d (mod 2n − 1)
≡ 0 + (2r + 1)(23r + 1
r
) (
mod 2n − 1)2 + 1
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and 3r = 0 mod n. 
With Lemma 8 we can easily deduce that the dual of the Kasami bent function is not a mono-
mial function. First note that the dual function is a non-quadratic function for r > 1. Thus, in the
trace expansion of the dual there is at least one non-quadratic term and it is therefore enough to
prove the existence of an element j in Kd such that −jd has weight 2. Furthermore we have to
ensure that not all three elements
j, j + 2
n − 1
3
, j + 22
n − 1
3
are elements in Kd as (only) in this case the term −jd in the trace expansion will cancel out.
All these properties are exactly fulfilled by the element −j0 specified in Lemma 8. The ele-
ment −j0 is in Kd as
wt(−j0) + wt
(−(−j0d))= n − wt(j0) + wt(j0d) = k + 1.
Noting that 3r = k mod n we see that all the elements 2ij0 for i ∈ {0, . . . , n− 1} are distinct and
that in the trace expansion of the dual function we get
tr
((
α−j0 + α−j0+(2n−1)/3)xj0d)= tr(α−j0(1 + α 2n−13 )xj0d).
Now, as seen in the last section, we know that
α
2n−1
3 + (α 2n−13 )2 + 1 = 0.
Thus we have tr(α−2r−1x23r+1) as one term in the trace expansion of the dual. Note that this term
is not constant zero, as can be seen by the Weil bound [16] for example.
It should be noted that we presently cannot answer the more interesting question whether the
dual is linear or affine equivalent to a monomial bent function.
Finally, we pose the following problem for further investigation.
Problem 9. As we saw, both the Gold exponent and the Kasami exponent satisfy (8). Do there
exist other exponents satisfying these very strong conditions?
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